Abstract. The generating graph Γ( ) of a finite group is the graph defined on the elements of with an edge connecting two distinct vertices if and only if they generate . The maximum size of a complete subgraph in Γ( ) is denoted by ( ). We prove that if is a non-cyclic finite group of Fitting height at most 2 that can be generated by 2 elements, then ( ) = + 1, where is the size of a smallest chief factor of which has more than one complement. We also show that if is a non-abelian finite simple group and is the largest direct power of that can be generated by 2 elements, then ( ) ≤ (1 + (1)) ( ), where ( ) denotes the minimal index of a proper subgroup in .
Introduction
The generating graph Γ( ) of a finite group is the graph defined on the elements of with an edge connecting two distinct vertices if and only if they generate . By the solution of Dixon's conjecture, it is known that Γ( ) has "many" edges for a non-abelian finite simple group. In particular, Liebeck and Shalev [9] proved that there exists a universal positive constant such that the maximal size of a complete subgraph in Γ( ) is at least ⋅ ( ) where ( ) is the minimal index of a proper subgroup in . This result, in general, is best possible. Indeed, by a result of Dye [6] , the group = 2 (2) is the union of all conjugates of the maximal subgroups + 2 (2) and − 2 (2), and so ( ) ≤ 2 2 = (2+ (1)) ( ). This result of Liebeck and Shalev together with the above-mentioned remark on the symplectic group justifies the following definitions. For a finite group let the maximum size of a complete subgraph in Γ( ) be denoted by ( ). For a noncyclic finite group let ( ) denote the least number of proper subgroups of whose union is . Clearly, ( ) ≤ ( ). Moreover, if ( ) denotes the chromatic number of Γ( ) (that is, the least number of colors needed to color the vertices of Γ( ) in such a way that the endpoints of each edge receive different colors), then we also have ( ) ≤ ( ) ≤ ( ), where the second inequality follows from the fact that Γ( ) is ( )-colorable since its vertex set is the union of ( ) empty subgraphs.
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The function has been much investigated. For example, for a finite solvable group , Tomkinson [14] showed that ( ) = + 1, where is the minimal size of a chief factor of having more than one complement. Our first result is Theorem 1.1. Let be a finite group with Fitting height at most 2. Then ( ) = ( ). Moreover, if the minimal number of generators of is 2, then ( ) = ( ).
It is not known whether the conclusions of Theorem 1.1 are true for an arbitrary finite solvable group . Blackburn [3] showed that (Sym( )) = (Sym( )) = 2 −1 for a sufficiently large odd positive integer, and also that (Alt( )) = (Alt( )) = 2 −2 for a sufficiently large even integer not divisible by 4. However, by [11] , there are infinitely many non-abelian finite simple groups with ( ) < ( ) < ( ).
Still ( ) and ( ) do not seem to be "far apart" for a non-abelian finite simple group . In fact, Blackburn [3] asked whether ( )/ ( ) tends to 1 as the size of the non-abelian finite simple group tends to infinity. Our second result shows that there is an infinite sequence of 2-generated finite groups such that ( )/ ( ) tends to 0 as the size of tends to infinity. 
2. Groups of fitting height at most 2
In this section we prove Theorem 1.1. Let be a finite dimensional vector space over a finite field of prime order. Let be a linear solvable group acting irreducibly and faithfully on . Suppose that can be generated by 2 elements. For a positive integer we consider the semidirect product = ⋊ , where acts in the same way on each of the direct factors. We would like to derive some information about ( ). Put = End ( ). 
This is equivalent to saying that there exist elements¯and¯in such that ⟨¯,¯⟩ = with the property that¯maps to and¯maps to under the projection from to if and only if there exist × matrices and with (1) rank
From this it immediately follows that cannot be generated by 2 elements if > (hence ( ) = 1 in this case). Notice also that if and are two × matrices generating the matrix group , then the linear map :
is injective (if ∈ ker , then = = against the fact that and generate a non-trivial irreducible group); the matrix
has rank , and so it is possible to find and satisfying (1) whenever ≤ . 
From now on let be a nilpotent finite group that can be generated by 2 elements with an irreducible (but not necessarily faithful) action : → ( ). Let = End ( ) and let = dim ( ). The Sylow subgroups of are either cyclic or non-cyclic and 2-generated. Let 1 be the set consisting of those prime divisors of | | whose corresponding Sylow subgroups are not cyclic, and let 2 be the set of all other prime divisors of | |. Let be the smallest prime in 
• for any ℎ ∈ , is a completely reducible ⟨ℎ⟩-module (indeed any prime divisor of | | divides | ( )|, and hence it is coprime with | |).
The second remark implies that we may write in the form
where 1 denotes the identity ℓ × ℓ matrix for some non-negative integer ℓ with ℓ < and is an invertible ( − ℓ) × ( − ℓ) matrix which does not admit 1 as an eigenvalue. Decompose and 1 − as block matrices in the following way:
where 1 and 1 − 1 denote the matrices consisting of the first ℓ rows of and 1− respectively and 2 and 2 − 2 denote the matrices consisting of the remaining rows of and 1 − respectively. Since
By Theorem 2.2, we look for , 0 , . . . , −1 such that hence det
On the other hand, if ∕ = , then
which is non-zero if and only if det( Let be a finite solvable group, and let be a set of representatives for the irreducible -groups that are -isomorphic to a complemented chief factor of . For ∈ , let ( ) be the smallest normal subgroup contained in ( ) with the property that ( )/ ( ) is -isomorphic to a direct product of copies of and it has a complement in / ( ). The factor group ( )/ ( ) is called thecrown of . The non-negative integer ( ) defined by
is called the -rank of and it coincides with the number of complemented factors in any chief series of that are -isomorphic to . If ( ) ∕ = 0, then the -crown is the socle of / ( ). The notion of crown was introduced by Gaschütz in [7] . Proof. Let = ⟨ 1 , . . . , ⟩ and suppose that ( ) = for any ∈ . There exists a normal subgroup of of minimum order with respect to the property = . Assume by contradiction that ∕ = 1 and choose such that = / is a chief factor of . Since ∕ = , we have that is a complemented chief factor and ( Proof. Clearly we may assume that the Frattini subgroup Frat( ) of is trivial. Then the Fitting subgroup Fit( ) coincides with the direct product of the minimal normal subgroups of (see [13, 5.2 .15]). Let be the subgroup of Fit( ) generated by the non-central minimal normal subgroups of . Now is an abelian normal subgroup of a finite group with trivial Frattini subgroup, so is complemented in (see [13, 5.2.13] ). So we have that = ⋊ for some nilpotent group with ( ) ≤ 2. Let be the set of -irreducible modules -isomorphic to some factor of . We have that = ∏ ∈ , where is the product of the minimal normal subgroups -isomorphic to . If Let be cyclic. Since Frat( ) = 1, the cyclic group is the direct product of say cyclic groups of distinct prime orders. Let be the set of generators of . In the graph Γ( ) every vertex in is connected to every other vertex in Γ( ). Thus, if Γ( ) ∖ denotes the graph obtained from Γ( ) by removing all vertices from together with all edges having an endpoint in , then ( ) equals the maximum size of a complete subgraph in the graph Γ( ) ∖ plus | |, and ( ) equals the chromatic number of the graph Γ( ) ∖ plus | |. Now has maximal subgroups each of which is cyclic. We may choose a generator from each of these maximal subgroups. Since any distinct pair of these elements generate , we have a complete subgraph of size in the graph Γ( ) ∖ . On the other hand, the graph Γ( ) ∖ can be expressed as the union of empty subgraphs (coming from the maximal subgroups of ); hence it is -colorable and so the chromatic number of Γ( ) ∖ is at most . These observations yield
We may now also assume that ( ) = 2. Also, by Proposition 2.5, we assume that is nilpotent. Then, since Frat( ) = 1, we have = × 1 × . . . × for some positive integer , where 1 < . . . < are distinct primes, = × for all with 1 ≤ ≤ , and is a cyclic group that is a direct product of cyclic groups of prime orders different from for with 1 ≤ ≤ . Let be the normal subgroup of for which
For each with 1 ≤ ≤ let 1, , 2, , . . . , 1 +1, be non-identity elements from generating distinct cyclic subgroups in . Let be a generator from . For any with 1 ≤ ≤ 1 + 1 let be the element ( , ,1 , . . . , , ) from . Clearly,
Direct products of non-abelian simple groups
In this section we prove Theorem 1.2. Our first result (Proposition 3.1) was also proved (independently) by Abdollahi and Jafarian Amiri in [1] . . Suppose also that is as small as possible (that is, = ( )). Put = ( ). We need to show that ≤ .
We may assume that the 's are maximal subgroups of . What are the maximal subgroups of ? They are of the following two kinds:
where is a maximal subgroup of ;
where ∈ Aut( ). Without loss of generality assume that is of product type if ≤ and is of diagonal type if < ≤ for some non-negative integer at most . We may assume that < for otherwise ≤ ≤ in which case we are done.
Let be the set of those indices with 1 ≤ ≤ for which there exists a maximal subgroup of and an index with 1 ≤ ≤ such that = , . For every ∈ let ℳ be the set of those maximal subgroups of for which there exists an index with 1 ≤ ≤ such that = , . Define Ω = ∖ ( 
∈ . Consider the subset Γ =
for any maximal subgroup of of diagonal type. This means that Γ is a subset of no less than − maximal subgroups of diagonal type. Hence − ≤ − , which is exactly what we wanted. □ Let be a non-abelian finite simple group. Define = ( ) to be the largest positive integer such that , the direct product of copies of , can be generated by 2 elements. (The positive integer is well-defined. To see this, first note that it is known that every non-abelian finite simple group can be generated by 2 elements. Also, for any positive integer , the group cannot be generated by elements whenever is larger than the number of Aut( )-orbits on the set of -tuples generating . This latter claim follows from the combination of the definition of a maximal subgroup of product type and the Pigeonhole Principle. In the remainder of this section we wish to give an upper bound for ( ) which is precisely the clique number of Γ.
We will use Corollary 4 of [4] which states that if is a clique and a coclique (an empty subgraph) in a vertex-transitive graph on vertices, then | || | ≤ . We also need a definition. Let be an element of and let ( ) be the number of indices with 1 ≤ ≤ such that and are Aut( )-conjugate. We have ( ) = ( )/| Aut( ) ( )|, where ( ) is the number of elements in such that ⟨ , ⟩ = (this is because for any with ⟨ , ⟩ = there exists a unique index with 1 ≤ ≤ and a unique automorphism ∈ Aut( ) such that ( , ) = ( , )). Now take to be a maximal subgroup of and put = { = ( 1 , . . . , ) ∈ | 1 ( ) = 1 ∈ }, where 1 is the natural projection from to the first direct factor. Since is a coclique in Γ we have ( ) ≤ | |/| |.
For any ∈ with ∕ = 1 there exists a vertex in such that 1 ( ) = . (This follows from the corollary on page 745 of [8] , which states that any nontrivial element of a finite almost simple group belongs to a pair of elements 
